Chapter 5. Complex Numbers and Quadratic Equations

Question-1

If Z1, Z2 € C, show that (z7 +z2)2 = z12 + 2z122 + 222

Solution:
Let z1 = xq + 1y,

zZ = X2 + iy2
(z1+ 22)2 = [ixs +ir1) +ixz +irzF
= [ixeg +x2) 40001 +p2)]?
= (X1+ X2)% + 2i (X1+ X2) (y1+Y2) - (Y1+y2)?

= X127 + 2xyxo+ X27 + 2ix1y71 + 2iXqy2 + 2iXay7 + 2iX2y2 - y17-2y1y2 - y2©

X12 + 2iX1y1 - Y12 + X22 + 2iXay2 - Y22 + 2(X1+iy1) (X2 +iy2)

x12 +2ix1y1+(iy1)? + x22 +2ixays + (iy2)? + 2(x1+iyq) (X2 +iy2)

(X1+iy1)? + (Xa+iy2)? + 2 2122

=212+ 22123 + 25?

Question-2

Write the following as complex numbers
i. =16

ii. 1+ .=

V. &, (x=0)
vii—b+ /=, (a,c>0)

Solution:
I, y1e= [Sinie= 1 fe=1./¢
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i1+ . 1=1+1i

. —1-,s5=-1-,15=-1-1§
iv 3 _AdF_f Lz iR

T F 2 T F 2R

Vii—b+ Tac=—b+ f1s=-b+2ifac

Question-3

Obtain a quadratic equation whose root are 2 and 3.

Solution:
Let a, B be the roots of the equation.

Sum of the rootsa +g =2+3 =5

Product of the roots ax = 2x3 =6

~ The equation is given by

x2 - (sum of roots)x + product of roots = 0

- Equation is x? - 5x + 6 = 0.

Question-4

Solve the following equation: 25x2—-30x+9 = 0.

Solution:
25%2-30%+9 = 0
D = bZ4ac = 900 - 4x 25x 9 =900 — 900=0

Hence the two real equal roots of the equation are : 22,22

5050

H
lL.e .=
5’5
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Question-5

Write the real and imaginary parts of the following complex numbers

below:

ii. 37 + 10
Iv. ﬁ+i%
v. 7

vi. 3i

Solution:
I.Let z ==

17, 2
2 J70

= 17 - 2
Re z T,Imz Nir

as 1
I Letz=-2+2

- _1 — 1
Rez=-2,Imz= ¢

. Letz =57+ 13 =G7+ifi7
Bez= 7, Imz= 413

- +-«.E
V. 3 i
Rez=5,Imz= 4

&

V. 7
Rez=7,Imz=0

vi. 3i
Rez=0,Imz=3
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Question-6

Without computing the roots of 3x? + 2x+6 = 0, find (i) 1 + % (ii) a2 +p2
(iii) a3+p3

Solution:

If a and B an the root of the equation 3x? +2x+6 = 0

Sum of the roots a +3 =§= ‘_32

Product of rootsap =<-2=2

i) 2+2=22-Zxia

(i) a2 +B2=(a+pB)2-2 aﬁ=[‘?2]2- 2xz=3-4 —3436_ .32

o 3
(g p s =fa+@® -30:.E-(a+;3]=[_?2] T [__J=_—8 +4=3 .

Question-7

Show that (1-i)? = -2i.

Solution:
(1-)2 = 12-2(1) (1) +()? = 1-2(-i) +(1)? =1-2i-1 = -2i

Question-8
Solve the following equation: 2x2-2+/ 3x + 1 =0.
Solution:
2x2-273x + 1 =0
D=b%dac=12-4x2x1=12-8=450

Jo =2

Hence the two real and unequal roots are : 222, 2«“54- 2
je B+t -1

2 2
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Question-9

Solve the equation ./ = (x - 2) in C.

Solution:

Squaring both sides

(5 =(x-2)7

X = X2 - 2(x)(2)+4

0=x?-4x+4-x
=x?-5x+4

X?-5x+4=0
X2-Ax-x+4=0
Xx-4)-(x-4)=0
XxX=4dorx=1

x=1 doesn't satisfy the equation
~X=4.

Question-10
Find the conjugate of the following complex numbers
.3+
ii.3-1i
ii. -5 -7
iv. -i,5
v. 4/5

vi. 49 —i/7

Solution:

I. Conjugate of 3+1iis3 — 1.

ii. Conjugateof 3 —iis3 +1.

lii. Conjugate of - . 5-47 IS -5 +i5
iv. Conjugate of -i.5 isi.5.

v. Conjugate of 4/5 is 4/5.

vi. Conjugate of 49 — /7 is 49 + I/7.
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Question-11

Solve the following equation: Zx+1-&x-1-2.

Solution:

Bl - fuo1 =2

Squaring,

(Bx+1)+(X-1) -2 Emri==-1=4
AX -2 Fmrinoo1=4

Fmrix 1= 2X-2

Squaring,

3x% —2x-1 = (2x-2)?

3x2-2x-1= 4x? —8x+4

x%-6x+5=0
D=b%4ac=36-4x1x5=16>0
4o =4
Hence the two real and unequal roots are : 232,22
l.e 5,1
Question-12
Find the conjugate oflL.'.
1+i
Solution:
1-i _f-ifl—dy _ -y 1-@4+_ 1-2i-1 | -E
1o @a-n | 2 1e .z Zz -

. . 1-i _
~.Conjugate of =i

Question-13

Show that if a,b,c,d,e R, =m+&Fic i =tz —iic—icn = (a-ib) (c-id).

Solution:

(a+ib) (c+id) = ac + iad + ibc +i?bd = ac + i(ad+bc) - bd = (ac-bd) + i(ad+bc)

~ac - bd + i(ad + bc)
= (ac-bd) -i (ad+bc) — (1)
(a-ib) (c-id) = (ac-bd) -i (bc+ad) —-(2)

From (1) and (2) G+&EiE v = (5 — diic —id)

ucnrene €9

@g www.studentbro.in



Question-14

Find the valueof xand y, if 4x + i(3x - y) = 3 — i6.

Solution:
Ax+1(3x-y)=3 —i6

Equating the real and imaginary, we have

4x =3
X =3
3IXx—-y=-6
3(3/4) —y=-6
9/4 —y=-6
-y=-6-9/4
y =33/4
Question-15

Solve the following equation: 2x%+1 =0.

Solution:
2x%+1 =0 = x2=-1/2
Hence the complex roots of the equation are +i§,—i§.

Question-16

Does the equation 2x? — 4x + 3 = 0 have equal roots? Find the roots.

Solution:
The given equation is 2x%2 — 4x +3 = 0.
Comparing with ax? + bx +c =0

a=2b=-4c=3
b? - dac=(-4)2 - 4x2x3=16-24=-8<0
The roots are not equal.

Hence the roots of the given equation is -btb?-4ac 4S5 = 2 *j*@ =1ti2i
Za 2w 2
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Question-17

Find the value of x and y, if (3y - 2) +i(7 — 2x) = 0.

Solution:
By-2)+i(7T-2x)=0

Equating the real and imaginary, we have

3y-2=0
y=2/3
7T-2%x=0
2x =7
Xx=7/2

The value of x = 7/2 and y = 2/3.

Question-18

If two complex numbers z,z; are such that |z,] = |z3, is it then necessary

thatz; =25 ?

Solution:

|zl| = |x1 +."y|=.,|'x12+y12

|z2| = |z +ive| = -.,l><22+}’22
l21| = 12|

\I'I><12+Jr*12 = \I'IX22+V22

Xi1%+ Y12 = x2% +y5?

2_ .2 2_ .2
X1“=xz"and y1“=ys

X1=1Xa Y1 = &y

-~ Z1 need not be z»
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Question-19

Solve the following equation: x>—4x+7 =0.

Solution:

x2—4x+7 = 0
D=b%4ac=16-4x1x7=16-28=-12 <0
B=245l

Hence the two complex roots are : “*22«“52 4-;—«@
lLe2+.5E1, 24 i

Question-20

For what values of a is one of the roots of the equation x? + (2a +1)x + a2 +
2 = 0 twice the value of the other.

Solution:
Let the roots be a, 2a.

o+ 2(] — {2z +1)
1

=3a=-2a-1

- —£3-1
=0 S
a 2G= 02+2

’ 1
202 = 42

1

JECC

2(4a? + 4a + 1) = 9(a? +2)
8a?+8a+2=90%+18
-a?+8u-16=0
a?-8a+16=0
a?-4a-4a+16=0
afa-4)-4a-4)=0
~a=4ora=4
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Question-21

If the difference of the root of x2 — bx + ¢ = 0 is the same as that of the
roots of x2 — cx+ b = 0 then b+c+4 =0 unlessb-c = 0.

Solution:

Let a,p be the root of the equation x-bx+c = 0; y, dand be the roots of the
equation x?— cx+b = 0.
Thena+b=b,ap=c,y+0=candyd=Db
Giventhata-b= g-0

(=B = (y-8F

(a+ 87 -aap = (y+ 87 - a8

bZ-4c =c?-4b

b%-c?+4b-4c = 0

(b-c)(b+c)+4(b-c) =0

(b-c) (b+c+4) =0

Hence b-c = 0or b+c+4 =0
(ie)b+c+d4=00rb=c

Question-22

Find the value of x and y, if [:%u —5]+ i25y=4.

Solution:
3 1 —
Equating the real and imaginary, we have

(392

%xz Z+5
X =5 (42+5)/3

2gy=0
=0

The valueof x=5(,z+ 5)/3 and y = 0.
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Question-23

If zy, 22, z3 are 3 complex numbers such that there exists a z with [z;-
Z|=|z,- z| =|z3- z| show that z, , z, z3 lie on a circle in the plane diagram.

Solution:
Let zq, 2o, Zz be x5 +1yq, X2 + 1y2 and X3 + 1y3 respectively.

Representing points P, Q, R

Let the z be point O given by x + iy.

lzy-z| = «.I'I':Xi—xllz +ipy —p2 = OP
Similarly |z,- z| = 0Q
and |=,-z| = OR

2= z| = |z 2] = |z3— 2]
OP=0Q=0R=T1
This means P, Q, R are points on a circle with centre O and radius r.

Or zy,Z3, Z3 lie on a circle.

Question-24

Solve the following equation: x%+x+1=0.

Solution:

X24+x+1=0
D=b%4ac=1-4=3<0
o= Bl

Hence the two complex roots are : %ﬁi,-i;ﬁi
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Question-25

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: 4 — i3.

Solution:
g_onjugateofﬂr—m isd+ Al
i.
4 m (4, 3
The absolute value of 4 — T
3i 1
= J42+32 B ) B B Fx
-1 Fe £
= -.|":I_.6+9
= =5 1T
_c 4+ = (4, -3)
Question-26

A group of students decided to buy a tape-records from 170 to 195 rupee.
But at the last moment two student backed out of the decision so that the
remaining student had to pay Trupee more than they had planned. What
was the price of the tape recorder if the student paid equal shares ?

Solution:
Let the price of the tape recorder be Rs. x
Let no. of student be n.

At the last moment
No. of students = (n-2)
Increased contribution =

A
n—=z

Original contribution = 2
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According to the question

nx = (N-2)(x+n) = nx + N - 2x - 2n

nZ-2n = 2x
x=’!2+2”,.ﬂxlso1?0e_xc:195

170 < n?%zﬂf; 195
=340 < n?-2n < 390

Either 340 < n? -2n
nZ-2n-340=z0

Roots are given by

n= Z*Jj4+1360 _ 1F./341

2 2

nzl+pmazorns 1 -

n=20o0rn?-2n-390 < 0 — (1)

N= 2*1564 [ = 1%4351
z z
~1-fFoien<] + Fo1

Sincenisanaturalno.n=1,2,3 ........ 20— (2)

From (1) and (2),

n=20

Cost of tape - recorder x = nz;% - 2'32-22'12'3? = = Rs. 180.
Question-27

Solve the following equation: x? +2x +2 =0.

Solution:

X2 +2x% +2 =0
D=b%*4ac=4-4x2=-4<0
5= 2i

Hence the two complex roots are : 22 ,2-2

e-1-1, -1+
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Question-28

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: —3 + ib

Solution:
Conjugate of =3 +ibis —3 - i5.

The absolute value of —3 + i5

= Ji-32 +52 = (-3, E) Linz
= Joizs5 —
= \I"3_4 T
[l
gttt >
-1 B 2
- (_'3J .:l -
Question-29

Solve (x2-5x+7)? - (x -2)(x-3) =1.

Solution:
(x2-Bx+7)2-(x-2) (x-3) =1

(x2-Bx+7)2-[x?-(2+3)x+2x3] =1

(x2-5x+7)?2 - [x2 -5x+6] -1 = 0

Let x2-5x =y - ~(1)
(y+7)2 - (y+6)-1 =0
y2+14y+49-y-6-1=0
y2+ 13y + 42 =0

y = —13+ 32 —amaz

2=1
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— -13+.flf9—165
=
— —-13+.71
z

- -13+1 . -13-1
z z

— -1z —-14
= == o =2

2 2
=-6or-7

~y=-6or-7

Substituting y = -6in (1)
xZ-5x =-6

x2 - 5x + 6=0
Xx=3orx=2

Substituting y = -7 in (1)
x%-5x =-7

x%-5x + 7=0

X = St

Question-30

Solve the following equation: 25x2—30x +11=0.

Solution:
25x%2-30x +11=0
D = b%-4ac = 900 - 4x 25x 11 =-200 <0
B=10%2i

Hence the two complex roots are : 20+1042 30-iods

ie T+ 47 3 T
T Ts T s

Question-31

Prove that x*+4 = (x+1+i)(x+1-i)(x-1+i)(x-1-i).

Solution:
(x+1+i) O+1-0) (-1+i) (140 = [(x+1)%i2] [(x-1)% —i9]
= (Z+2x+1+1) (x2-2x+1+1)
= [(x2+2)+2x] [(x+2)-2x]
= (x2+2)%- 4x?
= x*+4x%+4-4%?
= x4
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Question-32

Solve the following equation: 5x2% - 6x +2 = 0.

Solution:

Ex2-6x+2=0

D = b*-4ac = 36- 4x 5x 2 =- 4 <0
45 =20

Hence the two complex roots are ; £+2,.52-2

10 10

40 3=

1.€ — =

Question-33

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: 5

Solution:
A N
Conjugate of 5is 5. +1ImzZ
The absolute value of & = Jgz .2 1
~ ks ottt
=5 (5, 07
T Fe 2
Question-34
If (1+X)" = po+P1X+P2 X2+ rvvarennnnn. pnX", prove that :po+p3+Pet...ceeens.. =
%(2“ +2 cos n?-.) -
Solution:
(1+x)" = po+p1 X + Pax2+ v PrX™ )

Put x = 1,w,wZ in (1) and add

[1+w = -w? and 1+w? = -w]

3(Po+PatPe cveeene... )= 204 (WD) + (W) (2)
Now w = -1:+48

~-w=1ifi=cosZ-sinZ, (.r=10=7)

-w? = cosZ+isinZ

(W) +(-wd)" = 2cos = (Demoivre’ s Theorem)
Substituting in (2),3(Pg+Pa+Pe.-ccvveeernns )=2"+2cos

OF PotPatPe...ccveennn. S szeos T
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Question-35

From an equation whose roots are the squares of the sum and difference of
the roots of

2x2+2(m+n)x+m?+n?=0.

Solution:

Let a, B be the roots of the equation 2x2 + 2(m + n)x + m2 + n? = 0.
Thenda+ B =-2(m +n)/2 =-(m +n)

ap = (m2+n2)/2

The roots of the required equation are (a +8 )% and (a - g )?
Sum of theroots = (a+B)?+ (a-B)2=(a+B)>+[(a+B)?-4aB ]

= (m+nP +[m+n)?2- {7 =)]

=4mn

Product of the roots = (a + B )? (a-B )%= (a+ B )? [(a+ B )?- 4aB ]
2 [(m + n]2_ 4[rn2+n2]]
z
=(m+n)?[2mn - m? - n?
The required equation is x%- 4mnx + (m + n)22mn — m2-n? = 0
or x2-4mnx + (m+n)J[-(m-n)3 =0
or x2-4mnx - (m?-n%2=0

(
=(m+n)
)

Question-36

Find the values of the root 4= .

Solution:
1-i = Jf2tcos 2 -isin Dy
=k [cascznn;)] —isin(2rm+;j
= (cos(8n+1j;—8inl:8n+ 13;)
&7 = 2"¥[cos(8n+1) Z - isinen + 12
=214 (cos 2-isin2) forn =0
= 2'4(cos(x+ X -isin @+2 forn =1

= -2'/%cos 2-isin 2y where

T _ JZ +1 e Wz -1
cosz 25 »3IN = e
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Question-37

Solve the following equation: 3x%- 7x + 5 = 0.

Solution:

3x2-7x+5=0
D=b%4ac=49-4x3x 5=-11<0
b= A

Hence the two complex roots are : “ji_” g

Question-38

Solve the equation 25x% - 30x + 9 = 0.

Solution:
y = +30+/30% -4(z5)(9) — 30£4900-900 _ 30
2x 25 50 50
_ 3 3
X=5%
Question-39

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: 2i

Solution:
. .. . A Y
Conjugate of 21 i1s -2i. Im Z
The absolute value of 2i = Gz . .2 + 0. =
= _Ul'Z I
= 2 1 | ] 1 I h"
| o] I I | | '
T Re Z
-+ (0, =23
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Question-40

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: -1/2 - 3i

Solution:

¥

_‘_ Im 2

Conjugate of - 1_izis-L.ia
2 2 —_—

- (-1/2, 3
The absolute value of —%+i3 (=172, 3)

Question-41

If the roots of x? — Ix + m = 0 differ by 1, then prove that I2=4m + 1.

Solution:

Let a, b be the roots of the equation xZ — Ix + m = 0.
a+p=I

aB =m

a-p=1

(a+B )%= (a-B)”+ 4ap

12 =1+ 4m

Question-42

Solve the following equation: 13 x>—7x + 1=0.

Solution:

13 x2=7x+ 1=0

D =b?4ac =49-4x 13x 1 =-3<0
JB=E

Hence the two complex roots are : 7% f‘ = f‘
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Question-43

If z = x+iy and z'/3= a-ib then show that X-¥ - 42 -b?).

Solution:

z = x+iy and 22 = a-ib

(x+iy)1/3 = a-ib

Cubing both sides,

x+iy = (a-ib)?
= a%+b3i-3abi(a-ib)
= a%+b?i-3a%bi-3ab?

Equating the real and imaginary,

x = a3-3ab?
y = b3-3a%b

;—%- & - 3% - b7 e 35

- 4(a2b?)

Question-44

(1-w+w?2) (1-wZ+w?) (1-wi+w8).......... to 2n factors = 22",
Solution:

(1-w+w2) (1-wZw?) (T-w+w8) ... 2n factors.
= (1-w+w2) (1-w2+w) (1-W+W2) .o 2n factors.
(since wh=w, w8 =w? . .. )

= (-2W) (2w (-2W) (-2WD) o 2n factors.

= (22w3) (22W3) n factors.

= (22)n = 22n

Question-45

Plot the following number and their complex conjugates on a complex
number plane and find their absolute values: -/(-3)

Solution:
Jo3 = 3i
. .. . W

Conjugate of 3iis —3i. -~ -
+ (0, 3

The absolute value of 3i = 72 =

J2=3

—— | } | t -'*K

-1 Re Z
- (O, -3
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Question-46

Solve the following equation: 9x2+10x+3 =0.

Solution:

Ox2+10x+3 =0

D = b%-4ac = 100- 4x 9x 3 =- 8 <0
SL=25EI

Hence the two complex roots are : z0+ 242 -10-2/a

ie S5+ 42 - 5- W20
T T e T =
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